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Solution by W. D. LAMBERT, Washington, D. C. 

Let r be the variable radius of the sphere, while forming; a the final 

radius =— — ^5 centimeters; p the density of water=l; k the gravitation 

constant =6. 665 x 10 ~ 8 dynes; /the mechanical equivalent of heat=4.184 x 10 7 
ergs for the centigrade gram-calorie. It is a little easier to conceive the 
sphere as pulled asunder against its own attraction, and the amount of work 
will be the same. Suppose the sphere made up of layers, each of thickness 
dr, and that the sphere has been reduced to radius r. The mass of a layer 
is 4~pr 2 dr. . The attraction between this mass and the remaining sphere is 

— — ^— , where x denotes the distance of the layer (supposed to be 

scattered symmetrically) from the center of the sphere. The work done in 
removing the layer from the surface of the sphere in question to infinity is 

^-■'kp 2 r 5 drf° —=^k/> 2 r\ 

The total work done in removing all layers is 



•^ n 



Dividing this quantity by the mass and by J we get for the tempera- 

f" s 'j . For substances other than water this result should be multiplied by 

the specific heat of the substance. Using the numerical values previously 
given, we get for the temperature 0°.677 centigrade. 

Also solved by G. B. M. Zerr, whose result is 0.656. This difference of result is due to the different values as- 
sumed for the constants entering into the solution. 



AVERAGE AND PROBABILITY. 

183. Proposed by J. EDWARD SANDERS, Reinersville, Ohio. 

A point within a given triangle is joined to each of the corners. What 
is the average of the sum of the lengths of these three lines? 

I. Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 

Let ABC be the given triangle, P the random point, A the vertex, 
BC the base of the triangle, AD the altitude. Through P draw QR, paral- 
lel to BC cutting AD in F. Let AD=p, BD=e, DC=d, AF=x, FP=y. 
Then AP=v'[x t +y°~\. The limits of x are and p; of y, -QF=ex/p and 
+FR=dx/p. Let M=average length of AP, ^=average length of the sum. 



v[x* +y 2 ]dxdy/ \ 1 dxdy 

n " —e.'tJr, " " —ex/v 
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■ — 1 I \/[x 2 +y 2 ]dxdy, since d+e=a, 

ap^ o *' -ex/p 



apJ o L 2>* \ c— e/J \2r + e 2 =c- 

-c[»+- + *' 1 *(^7)] 
=i[»'cosC+c-cosB+!>WClo 8 : ($£%$)] ■ 

By similarity, 
J =3^ [b^C+c^sB +^ log(^)] + *- [c'cosA+a'cosC 

where ^ =area of triangle. 

.-. J=l[a+ft+c] + -^ [6+c] [6-c] 2 +- g -p- [a+c] [a-c] 2 
1 r j. Mr M2, 4^ 2 ri , / a+6 + c \ , 1 . /a±b±c\ 

1 , /a+6+c\l 



+ 



+ 
c 



If a =b=c, J=a[l + flog3]. 



II. Solution by HENRY HEATON, Belfleld, N. D. 

Let P be the point, and AD=h, the perpendicular from A upon BC. 
Put AP=x, and LPAD=o. Then the average length of AP is 

aj'eWcfcs-*- 1 xdodx=^\ sec*od9-ir\ sec 2 od& 

B~hn* / ^ B-Jt*^ O ^ B-Jir '' B—\v 

h I 
— -q"( cotC cosecC+cotScosecB—log[tanJCtanJB]-^cot(7 + cotS 

= o— ( 6 2 cosC+c ° eos-B - ScsinB sinC log [tanJC taniB] . 
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In like manner it may be shown that the average length of BP is 

wr( a s cosC +c 2 cos A— ac sinA sinClog[tan4.A tanJC] ; and of CP, 

w~ I a 2 cosB + b 2 cosA — db smA sinS log [tan \A tan \B~\ . 
Hence the required average is 

M= *[(v + t) cosA + (~T + ^) cosB + (t + ^Wc-asiniA[&siii5 
+c sinC] log tmhA — b sinB [a sinA +c sinC] log tan^B 

— c sinC[ft sinA +b sinB] log tanJC. 

184. Proposed by HENRY HEATON, Belfleld, JT. D. 

Through every point of the sides of a given square, straight lines are 
drawn across the square in every possible direction. What is their average 
length? 

I. Solution by G. B. M. ZERR, A. M., Ph. D., Parsons, W. Va. 

The problem evidently wants the average length of all lines termin- 
ated in opposite sides; otherwise the problem is the same as problem 169, 
three solutions of which have already been published. 

Let [a, x] be the coordinates of one end of the line, [0, y] the coor- 
dinates of the other end. a =the average length required. 

I I \/{a 2 + [x-y] 2 }dxdy 

•*• a ■■= — =— j j I I V {ft 8 + [x-yV }dxdy 

I ) dxdy 
J o J o 

= ib CU/fr+tf] +ft*log^^±^- ] -W=ft{§ [l-,/2] + log[l+i/2]}. 
ft * 7 o \ a / 

II. Solution by HENRY HEATON, Belfleld, N. D. 

Let P be a point in AB, PE a line perpendicular to AB, and PFa line 
drawn across the a PAD. Put AP=x, and lFPA=<>. Then supposing x 
constant, the average length of the lines drawn from P across the triangle 
PAD is 

rtan-i(a/x) /"tan-i (a/») /,/ [a s +x°] +ft\ , ir , -, 

I x sec# dO-r- I do=x log i — *= — — n-tan^ 1 [a/%] . 

•' o ^ o \ a; / 



